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Lecture 1 - Sep 3
Syllabus & Introduction

Professional Engineers: Code of Ethics
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This course is intende}Ao/teaCh students the fundamental techniques in the design of algo- 7”\ f-
rithms and the analysfs of their computational complexity. Each of these techniques is applied ﬁ var

to a number of widely used and practical problems. P
At the_end of this conrse, a student will be able to: 40 vt
e| choose algorithms pppropriate for many common computational problems;

e exploit constraints and structure to design efficient algorithms; and

e select appropriate tradeoffs for speed and|space.
Weekly three-hour lectures and 1.5-hour scheduled mandatory tutorials.

Topics covgred may include: ded’ﬂe 2 )—{ Mf ﬁv)

» a review of|fundamental data structures,
asymptotic notation,> U ) ‘( / /) j& ?0( 22
e |solving recurrences, | [, ij M 93, /94-
e sorting and order statistics, _ M {E s -

e divide-and-conquer approaches, hc‘)y\

o| dynamic programming, | " A&YX
e greedy method,

Nw&i divide-and-conquer algorithms,

amoritization hpproaches,

(1]

e graph algorithms, and

2l
(50711 JNS theory of NP-completeness. % /Il P f{ 0“f j
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Course Learning Outcomes (CLOS)

CLo1 | Choose an appropriate algorithm to solve a given computational problem, and

ustify that choice.

—.

CLO2 | |Design new algorithms|using a variety of techniques (recursion, greedy algo-

rithm, dynamic programming, backtracking).

CLOo3| Prove correctness of an algorithm using pre- and post-conditions and loop
invariants.

CLo04 | Prove bounds on the running time of an algorithm.

CLO5 | Apply standard graph algorithms to a variety of problems.




Lecture 2 - Sep 8
Introduction, DbC

Motivating Problems
Design by Contract
Clients vs. Suppliers



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:

+ Tutorial Week 1 (2D arrays)




for(int i = 0; i < datab&se.length; 1 ++) {

if (database[i] .sin == sin) {
return database[i];
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Program Optimization Problem

By $= s8R e BE pgail 1= b:=...; c:=...; a:= ...
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Program Translation Problem

class Traveller {
attributes
name: string
reglist: set (Hotel .

class Account {
attributes
owner: Traveller .
balance: int

account
registered) [*]

class Hotel {
attributes
name: string
registered: set (Traveller . reglist) [*]
methods
register {
t? : extent (Traveller
& t? /: registered
==>
registered := registered \/ {t?}
| t?.reglist := t?.reglist \/ {this}
}
}

parsed

Abstract Syntax Tree of

translated

I

>

oL

CREATE TABLE ‘Account®(
‘oid" INTEGER AUTO_INC
PRIMARY KEY (‘oid‘));

CREATE TABLE ‘Traveller‘(
‘oid" INTEGER AUTO_INCREMENT, ‘name‘' CHAR(30),
PRIMARY KEY (‘oid‘));

CREATE TABLE ‘Hotel'(

‘oid' INTEGER AUTO_INCREMENT, ‘name‘ CHAR(30),
PRIMARY KEY (‘oid‘));

CREATE TABLE ‘Account_owner_Traveller_account*(
‘oid' INTEGER AUTO_INC , ‘owner‘ I
PRIMARY KEY (‘oid‘));

CREATE TABLE ‘Traveller_reglist_Hotel_registered"(
‘oid" INTEGER AUTO_INCREMENT, ‘reglist‘' INTEGER,
PRIMARY KEY (‘oid‘));

, ‘balance® I ’

‘account ' INTEGER,

‘registered' INTEGER,

pretty-printed

Abstract Syntax Tree of

Source Object-Oriented Program

transformed

Target Relational DB Queries




Design by Contract (DbC): Client vs. Supplier

e.ﬂ. W‘(\A‘e/

9o, |Caller | . [Lallep
: [{ r W
slol A31: | eleent | 5. 4«»(]7]7] o vl‘w\f,
,c,od&‘ g

2p.
),QAQ«VKS

R
ok

ouiﬂm'f’al\é
(

B¥vock Javch bei)

e.g. on , bcked , vort- er/;/és/f/f’

CWJL olton ¢eniR 7Eo ol TcECERVIS
. d to O er el
" 4 Zong;‘f““ mﬂm’f“" 2 heat Linch box (j; Gt
S A 5",,4!'7“ WAQ GENTR ,u/ov"/)

,Fo"o‘/mk (p/’” ol.



st P ¥
)794643('{'5
ohiest! o
o s\m 0{ e 4 Iﬁ (7 /S
T 4" ‘éf f d
e/ -
for \ew‘l’l"o"l 0/‘\*/ ool 40«{
c(lj

JoaR Dot



clrent

Client vs. Supplier in OOP

. Jal)
class |Mi crowave {de,W

private boolean on;
private boolean Iocked;
void power() {on = true;}
void lock ()
void heat (Object stuff) {

/ * && locked

/ explosive.

b

Assume: on

stuff not

{locked = true;}

i/

* /

classl.MicrowaveUser {
public static void main(...)

| Microwave m =
Object obj =
m.lock () ;]
| m.heat (obj);

b}

27?27 |
ISR

m.power () ;

{

new Microwave()4

/ | 7
(

I %M pontritt Joto™




Lecture 3 - Sep 10

DbC, Modularity, ADTs,
Asymptotic Analysis

DbC: Honouring the Contract
Modularity, ADTs
Asymptotic Upper Bound (Big-0)



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:

+ Tutorial Week 1 (2D arrays)

+ Tutorial Week 2 this Friday (in person)

L, 27 perofd
L expoiet of L’ﬂ- 0.
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Modularity: Childhood Activities




Modularity: Daily Constructions mw%
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Modularity: Computer Architectures

Control

Serial {—>

Port |-

Power Supply—»

| 16-Bit
Address Bus

8-Bit
Data Bus

Control
Lines

Rear Fan DIMM DDR2
Connector Memory Slots (x2)

CPU Fan CPU Socket
Connector (LGAT775)
4-pin
ATX Connector
N

1/0 Panel
Connectors

Integrated Ethernet
chip
PCI Express x16
Slot
PCI Express x1
Slot

SuperlO

Chip  24-pin ATX
\ Power Connector
Floppy Connector
IDE Connector (x1)

Chasis Fan

Connector
SATA
Connectors (x4)

Panel Header
USB Headers
Southbridge
(without heatsink)
Northbridge Chipset
CMOS Battery
PCI Slots (x2)
Front Audio
Header

Integrated HD-Audio
codec chip




Modularity: System Developments

(x DECLARATION )
i 6& (» Function block body in FBD language x*)
| LIMITS_ | /A{ HIGH_ALARM
| ALARM | ¢ SF“
HYSTERESIS
REAL--|H QH| --BOOL O XTNL
REAL--|X Q| --BOOL J MQ
REAL--|L QL | --BOOL e
REAL-- |EPS

FUNCTION_BLOCK LIMITS_ALARM
VAR_INPUT
H : REAL;

QH=1(TRUE)'

* High limit

/

* Lower limit H-EPS|
. QH=0(FASLE)
* Hysteresis
E)
1

L : REAL;
EPS : REAL;
END_VAR
VAR_OUTPUT L+EP!
QH : BOOL; (x High flag %) L+EPS/2)- |  NC(No change)
Q : BOOL; (* Alarm output x) / \
QL : BOOL; (% Low flag *) L
END_VAR
END_FUNCTION_BLOCK

(

X  : REAL; (+ Variable value H-(EPS/2) /NC(NO change)
(
(

QL=0(FALSI

QL=1(TRUE)

» TIME




Modularity: Software Design

Woat to brd

L; Suplinot m

L
sorted-collections

-

sorted-maps

([ SORTED MAP_ADT [K, V]*

feature -- model
model: FUN[K, V]
sorted_keys: ARRAY [K]

feature -- commands
extend (key: K; val: V)
require —has (key)

remove (key: K)
require has (key)

feature -- queries

item(key:K): V
has (key: K): BOOLEAN

invariant
Vi € [1, model.count):
sorted_keys[i] < sorted_keys[i+1]

sorted_keys.count = model.count

Vk € model.domain : k € sorted_keys

N

[ ITERATION CURSOR [G]* )

item*: G
forth*
after*: BOOLEAN

~
‘ SORTED_MAP_
CURSOR [K, V ﬁmﬂ
D ( f
lmplemeEallon

(5

SORTED_MAP_
DESIGN [K, V]

+ +

SORTED_BST_
MAP [K, V] MAP K, V]

T
SORTED_RBT_
MAP [K, V]

SORTED_LINEAR _

SORTED_ADT [K, V]*

feature -- model
model: SEQ [KV_PAIR[K,V]]

feature -- commands
extend (a_item: TUPLE [key: K; value: V])

require —has (a_item.key)

remove (a_key: K)
require has (a_key)

feature -- queries
item alias "[]" (a_key: K): V
require has (a_key)

as_array: ARRAY[KV_PAIR[K,V]]
invariant

Vi € [1, model.count):
model[i].key < model[i+1].key

Vi € [1, model.count]:
as_array[i] ~ model[i]

+
SORTED_

SORTED
TREE [K, V]

LINEAR [K, V]

implementation

+
SORTED_MODEL_MAP [K, V]
implementation
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Java Classest Abstract Data Types

va’éw” tot/ -

Replaces lement at the specified position in this list with the specified element (optional
operation).

resul¢

E set(int index, C PS{M?{M)

E element)

(Replaces the element at the specified position in this list with the specified element (optional operationu

Parameters:

index - index of the element to replace

element - element to be stored at the specified position
Returns:

the element previously at the specified position

(Interface List<E> ) Throws:

UnsupportedOperationException - if the set operation is not supported by this list

ClassCastException - if the class of the specified element prevents it from being added to this list

‘E - the type of elements in this 1ist] NullPointerException - if the specified element is null and this list does not permit null elements

gn - if some property of the speci g added to thjs list

All Superinterfaces:

Collection<E>, Iterable<E>

IndexOutOfBoundsException | if the index is out of range (index < 0 || index >= size())) 7 0

All Known Implementing Classes:

AbstractList, AbstractSequentiallist, ArrayList, AttributeList, CopyOnWriteArrayList, LinkedList, Rolelist,
RoleUnresolvedList, Stack, Vector

public interface List<E>
extends Collection<E>

‘An ordered collection (also known as a sequence).’l he user of this interface has precise control over where in the list each element is
inserted. The user can access elements by their integer index (position in the list), and search for elements in the list.
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Asymptotic Upper Bound: Big-O0 [Example:

1#@7=8n+5

f(n) € O(g(n)) if there are:

o A real constant
o An integer cons#ani ny >

a7 T o
such that: | °’c .
l Prove:
f(n) is O( gq(n) )

Choose ¢ = 9.
What about n0?

(")
b= 4
e e

CAM W

g(n) =n

Q
B
—
o0
=
=
5
(%7







Tutorials - Week 2 - Sep 12

Utilities using 2D-Arrays,
Asymptotic Analysis

Row with Maximum Sum, isRectangle

Proving Asymptotic Upper Bounds
Deriving Asymptotic Upper Bounds



2D Array Algorithm: Row with Max Sum 0. %

il :
Problem: Given a 2D array a of mfegers,/ i

find out the row (|.eF, a 1D array) with the maximum sum.
Assume: a is not empty, the row with max sum is unique.

- Lo pov & oxpess m Jova?

@Test | |
VA
public void tef 010 {.- /4 o . z. - 2 é""/
int[1[] 1n2ut1 _@{19, 10, 10, 10t, {41}, {-4, 29, 13{‘9 V
int[] | outputl = Utilities.getRowlithMaxSum(inputl); 44,’4
§ int[]lexpected] - 17 o vow (19 r ——
assertArrayEqual s(expectedl, outputl)M o | 2 3
A7 o
int[][] input2 = {{10, 10, 10, 10}, {-41}, {-4, 29, 133}};| MVA{Z lo |
int[] output2 = Utilities.getRowlWithMaxSum(input2); T 9ol a
int[] expected?2 = {10, 10, 10, 10};
assertArrayEquals(expected?, output?); [ | al O _
I T
v 2 /3& T b
L’Q Ox S (G |
g | B’)(



2D Array Algorithm: Is a 2D Array a Rectangle?

Problem: Given a 2D array a of integers,
determine whether or not a is a rectangle.
Assume: a is not empty.

@Test
public void test_02() {
int[1[] inputl = {{1, 10, 5, 7}, {6, 2, 12, 9}, {3, 8, 4, 11}};
boolean outputl = Utilities.isRectangle(inputl);
boolean expectedl = true;
assertEquals(expectedl, outputl);

int[J[] input2 = {{10, 10, 10, 10}, {41, 23, 46}, {-4, 29, 13, -100}};
boolean output2 = Utilities.isRectangle(input2);

boolean expected?2 = false;

assertEquals(expected2, output2);



Proving f(n) is O(_g_(ﬂ)_) We prove by choosing

If f(n) is a polynomial of degree d, i.e.,

I

f(ny=ay-n’+a;-n
and ag, a1, ..., aq are integers (i.e., negative, zero, or positive),
then f(n) is O(nY) .

Upper-bound effect: ny = 1? [F(1) < (|ao| + |as| + -+ +]|aq]) - 19]

Upper-bound effect holds? [f(n) < (|ao| + |a1| + - +|aq]) - N°]



Exercise: Prove f(n)_= (S |@n% +@m2|@m -H@ is O(@)
y(n )
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Asymptotic Upper Bounds: Example (1)

Given f(n) =5n2 + 3n - log n + 2n + 5:
(1) What is f(n)s most accurate asymptotic upper bound.
(2) Prove your claim.




Asymptotic Upper Bounds: Example (2)

Given f(n) = 20n3 + 10n - log n + 5:
(1) What is f(n)s most accurate asymptotic upper bound.
(2) Prove your claim.




Asymptotic Upper Bounds: Example (3)

WP gt (fsTE pintt)
Given f(n) = 3 -|log n|+ 2:’7c> Foo %’1?

(1) What is f(n)s most accurate asymptotic upper bound.
(2) Prove your claim.

(n 0|4y 1) 4}"’”?1‘ 0 < ¢ 90)

SN "B AVEANE 4
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Asymptotic Upper Bounds: Example (4)

Given f(n) = on+2 ;
(1) What is f(n)s most accurate asymptotic upper bound.
(2) Prove your claim.




Asymptotic Upper Bounds: Example (5)

Given f(n) = 2n + 100 - log n:
(1) What is f(n)s most accurate asymptotic upper bound.
(2) Prove your claim.




Determining the Asymptotic Upper Bound (1.1)

boolean containsDuplicate (int[] a, int n) {
for (int 1 = 0; 1 < n; ) {
for (int = 0; 7 % n; )
if (i '= § && ali]

return true; }
Jj ++i }

i ++; }

return false; }

oNoOOOTA~,WN —




Determining the Asymptotic Upper Bound (1.2)

boolean containsDuplicate (int[] a, int n) {
for (int i = 0; i < n; ) {
for (int 7 = 0; 7 < n; ) {
if (i !'= j && al[i] == alj]) {

return true; }
g w3
g Fh ]
return false; }

oONOOOTPA~WN =

boolean containsDuplicate (int[] a, int n) {
for (ant 1 =10; 4i < n; ) {
for (int 7 =0; 7 <X n; )
if (i '= j && alil

return true; }
Jj ++i )
1 S ]
return false; }

ONOOOTA~,WN —




Determining the Asymptotic Upper Bound (2)

int sumMaxAndCrossProducts (int[] a, int n) {
int max = a[0];
for(int i = 1; 1 < n; 1 ++4) {
if (ali] > max) { max = al[i]; }

}
int sum = max;
for (int j = 0; j < n; j ++) {
for (int kK = 0; k < n; k ++) {
sum += al[j] * alkl; } }
return sum; }

SQOwWwooNOCTOGLTPhWN —
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Lecture 4 - Sep 15
Asymptotic Analysis
Defining Big-0 using Predicate Logic

Deriving Big-0O: Triangular Sum
Dynamic Arrays: Constant Increments



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:

+ Tutorial Week 1 (2D arrays)

+ Tutorial Week 2 (2D arrays, Proving Big-O)




AN=3o.l,2, ---5

Asymptotic Upper Bound (Big-0): Alternative Formulation
= lodfm( mefﬁaw 4 W)

Known:

f(n) € O(g(n)) ifthere are:
o Areal
o An integer cons
such that: ~

Q
£
=
o0
g
=1
E
&

f(n)<c-g(n) fornzxng

0 Input Size

Q. Formulate the definition of “f(n) is order of O(g(n))”
using logical operator(s): -, A, v, =, V, 3
red

o € 040> <> 30P- L0 oo (U 0 163)
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RT Functions: |Rates of Growth Ikw.r.f. Input Sizes)

) 1 ) ) | | 1
10° 10 102 10® 10* 100 10° 107 10% 10° 10'° 10'! 10'2 10!3 10! 1015
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Asymptotic Upper Bound: Arithmetic Sequence/Progression
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Determining_the Asymptotic Upper Bound (3)

Fa(’h /X’/M/ffvf) 77

tokes OC1)
774l

int triangularSum (int[] a, int n) {

int sum =_0; 1T
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Y1 pashes

Amortized Analysis: Dynamic Array with Const. Increments

1 public class A ayStack<E> :.mplements Stack<E> {
2 private :Lnt

3 private :Lnt é a% ‘/81
4 private J.ntm /

5 private E[] data Aﬁﬂe"t /;‘;ﬂ,t

6 public ArrayStack() {

7 I = 1000;) /* arbitrary initial size */

8 C = 500; [/* arPitrary fixed increment x*/

9 capacity = I;

10 data = (E[]) new Object[capacity];

11 t = -1;

12 «;A‘"ﬁ s1®@
13 public void push(E e) { 2 (&f ! 4 C
14 lif (size() == capacity)] % -
15 /+ resizing by a fixed constant */

16 E[] temp = (E[]) new Object[capacity + C];
17 for(int i = 0; i < capacity; i ++) {

18 temp[i] = datali] g6

19 } Urrdiivid

20 data = temp; \ /

21 i

22

23

24

25

W.L.O.G, assume: n pushes

and the last push triggers the last resizing routine.

inj’riﬂ array:

lsj re |zmg P

an resizing:
3rd resizing:

=i =] =

Last resizing:

Amortized/
Average RT:

74




Lecture 5 - Sep 17

Self-Balancing Binary Search Trees

Amortized RT: Constant Increments
Deriving Sum of Geometric Seq.
Height Balance Property



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:

+ Tutorial Week 1 (2D arrays)

+ Tutorial Week 2 (2D arrays, Proving Big-O)
e Tutorial Week 2 (this week)

+ No in-person attendance.

+ Exercises will be assigned.



que RT =

Amorhzed Analysis:

Dynamlc Array with Const. Increments

% JJQ 1 public class A ayStack<E> :.mplements Stack<E> { /lvnelcf’ %P E ’
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15 /* resizing by a fixed constant */
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Deriving_the Sum of a Geometric Sequence

'2/-\\*2 *2
Initial Term: I 5/‘*\'6 R |2/+—?L[ o %J
Common Factor: r 2@) &
. L 3. -’2 2-
Number of Terms: k ~
o |- 'g) - e
1Y :
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Worst-Case RT: BST with Linear Height

— .o Wl
Example 1: Inserted Entries with Decreasing Keys ﬁoo 8 o
élb/o)?s 68, 60, 50,1> //K g
éfﬁ HEe
¢ (#-1)
Example 2: Inserted Entries with Increasing_l,(éﬁ (70\ )
<1, 50, 60, 68, 75, 100>

§

b /;n?;/Y T

Example 3: Inserted Entries with In-Between Keys 0(/\) 2 MM;
<1, 100, 50, 75, 60, 68> oot
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Balanced BST: Definition

- internal node  Given a node p, the height of the subtree rooted at p is:

e == - heighf helght(p) = {0 . ifp?s .external
1 heigh’r balance 1+ MAX ({ height(c) | parent (c) =p }) if pis internal

1\ |2 =
04: i 5 3% 2@ |
0"'0 l“ 0~ [s1
:0 :
/Q. : ) -9
?}(5 d O |vo

@ Q. Is the above tree a balanced BST?
Q. Still a balanced BST after|inserting 55/ hel I e A[egb/
(Q)still a balanced BST after inserting 637 B J D




Lecture 6 - Sep 22

Self-Balancing Binary Search Trees

Implementing BST in Java
BST Operations: Search & Insert
Tree Rotation, In-Order Traversal



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:
+ Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
e This Wednesdays class will have a later start: 4:10 PM




Generic, Binary Tree Nodes

public class (BSTNode {
private int /* key *
private E value; /* alue */
private BSTNode<E> parent /* unique parent node */
private BSTNode<E>(_left ;s left child node #*/

private BSTNode<E> rlght, rlght e 1ld de
.,426"’?
public BSTNode (

public BSTNode ( 1nt key, E value)

public boolean isExternal() {

return this.getLeft () == null && this.getRight() == null;

}
public boolean isInternal() {

return !this.isExternal();
}
public int getKey() { ... }
public void setKey(int key) {
public E getValue() { ... }
public void setValue(E value) { ... }
public BSTNode<E> getParent() { ... }
public void setParent (BSTNode<E> parent) {
public BSTNode<E> getLeft() { ... }
public void setLeft (BSTNode<E> left) {
public BSTNode<E> getRight() { ... }
public void setRight (BSTNode<E> right) {

>

Compare:
+ prev ref.
+ next ref.
in a DLN.




¥ Tot. o
BST Operation: Searching a Key v\ ¢ viz b5 &%
ES] > m-oder trovovss| ")‘ fol 15
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@Test
public void test_binary_ search trees_search() {
BSTNode<String> nZ8 = new BSTNode<>(28, "alan");
BSTNode<String> n2l1 = new BSTNode<> (21, "mark");
BSTNode<String> n35 = new BSTNode<> (35, "tom");
BSTNode<String> ext = new BSTNode<> () ;
BSTNode<String> extNZ2 = new BSTNode<>();
BSTNode<String> extN3 = new BSTNode<> () ;
BSTNode<String> extN4 = new BSTNode<> () ;
n28.setLeft(n21); n2l.setParent (n28);
n28.setRight (n35); n35.setParent (n28);
n2l.setLeft (extNl); extNIl.setParent (n2l); ’/a
n2l.setRight (extN2); extN2.setParent(n2l);
n35.setLeft (extN3); extN3.setParent (n35);
n35.setRight (extN4); extN4.setParent (n35);

BSTUtilities<String> u = new BSTUtilities<>();

/% search existipe=*eVs x/ %/ {adﬁ
assertTrue(n28 = u.search(n28, %); {ﬁ‘#es

assertTrue ({n2l = u.search(n28,
assertTrue {n35 = u.search(n28,

/* search mgr=gxisting keys =*/

assertTrue(extNI\== u.search(n28,); /x *17x < 21 */
assertTrue|(cxXeNZ == u.search(n28, ); /* 21 < *#23% < 28 */
assertTrue|(extN3| == u.search(n28,(33)); /* 28 < #33% < 35 */
assertTrue (extN4 == u.search(n28,‘§3 Y; /* 35 < #*38% #/




Visual Summary: In-Order Traversal on BST
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Restoring Balance via Rotatigns ),ok"” ;
- W2 @

Vb Rotozn , .07 € Ao Raeaa, T.0T
, A4, Td>  «figleTe b, Tomemp

Q. Is the above| tree balanced? | ¢g Y.
Q. After a right-rotation on node b, is the resulting tree'still a BST?




Trinode Restructuring: Single, Left Rotation




Trinode Restructuring after Insertion: Left Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 78, 32, 50, 88, 95>
- Insert 100 into the BST.

Tz B3 w, T2 Bx@
N / \x
éEJ 1(0\1 38 élg;@\i'\é&g% aﬁf ottt
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Lecture 7 - Sep 24

Self-Balancing Binary Search Trees

After Insertion: Left Rotation
After Insertion: Right-Left Rotations

BST Deletion: Cases 1 — 3



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:
+ Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)




Trinode Restructuring after Insertion: Left Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 78, 32, 50, 88, 95>

g ' 5 :
Insert 100 into fhe;;;-lt;/?ﬁf;hm el v bt n0dP %/Mr{d.
w4 ’ w#’ _Idl I I |b| I |.t>| I_(C) w‘F
@M& N M aﬁ“’/’/ & l/ '&f,e NAN 7N\

=2 78

a .
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é\’a 147\1 382 @{; 1(0\1.’\3&3 ﬂtt et s f{l>
ARG

oooooigl 0 0 ‘{sim T2
l
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Trinode Restructuring: Single, Right Rotation

) e L] il
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Trinode Restructuring after Insertion: Right Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 78, 32, 50, 88, 48>

M- Insert 46 into the BST.
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Trinode Restructuring: Double, Right-Left Rotations




Trinode Restructuring after Insertion: R-L Rotations

- Insert the following sequence of keys into an empty BST:
<44, 17, 78, 32, 50, 88, 82, 95>
- Insert(85)into the BST. [ 4% [ |
] | \ /\ |
mrPS{""}hae ] 7\(75 KBl 04y |

T TANEE EANEL
Wz Bz @F4 R 72/ g
o N Sy / » .
!ﬁ\ﬁgﬂ\qg' é EZ' :_S-C‘_ x_é: o (, / \ ’ ! \
o ° /N N\ e -2 ot 1 /st 2
A / ('é (7 mid&2" q' é\, .
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p, { ) 0 7 s\ ‘n 1S 4
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Trinode Restructuring: Double, Left-Right Rotations

T1 T2 T3

Perform a Left Rotation on Node ¢ Perform a Right Rotation on Node ¢ After Left-Right Rotations



Trinode Restructuring after Insertion: L-R Rotations

- Insert the following sequence of keys into an empty BST:

@{Y\g«m@ <44, 17, 78, 32, 50, 88, 48, 62>
- Insert 54 into the BST.



BST Operation: Cases of Deletion

To delete an entry (with key k) from a BST rooted at node n:

Let node@>e the return value from|search|(n) (k).
ZOCase 1: Nodd(p)s external.
k is not an existing key_ =z Npthing to remove
(@ Case 2: Both of node@%hild nodes are [externall

No “orphan” subtrees to be handled = Remove p [ Still BST? ]
F& : One of the node@children, sa)@is internal.
e r's sibling is external = Replace node p by node r [ Still BST? ]

o Case 4: Both of node p’s children are internal.
F, o Let r be the right-most internal node p's LST.
‘6%41

= r contains the largest key s.t. key(r) < key(p).

Exercise: Can r contain the smallest key s.t. key(r) > key(p)?
' e Overwrite node p’s entry by node r’s entry. [ Still BST? ]
i e r being the right-most internal node may have:

o Two external child nodes = Remove r as in Case 2.

o An external, RC & an internal LC = Remove r as in Case 3.



Visualizing BST Operation: Deletion

TCa:se :l: :Delie’rei Eni’rryﬁ wii’rh é(e)%@




Tutorials - Week 4 - Sep 26

Self-Balancing BST

Task Preview: Right Rotation in Java
BST Deletion: Case 4

Trinode Restructuring after Deletions



Exercise: BST Construction

public class Study: constructExampleTree

private int key;
private E value;

private BSTNode<E> parent;
private BSTNode<E> left; 7l !:[

oetdll

private BSTNode<E> right;

public vo:.d?BSTN e<E> left) {
jdthﬁ.s left

setParent ( tlﬁs )i l’
3 )’)LL‘L ﬂl/ l
public void -(BSTNode<E> right) { 3““

' 4 nuﬂ,
\

kg

V

//

this.right = right;
right.setParent(this); MIT
} /

i/ et

U«l

v mll

£ o/

BSTNode<String> n44 = new BSTNode<>( “Yuna”) ;

BSTNode<String> extNl = new BSTNode<>(); M(l

BSTNode<String> extN2 new BSTNode<>();
ndd.setLeft (@W
n44.setRight (e 2);

\ 1
ﬁ\l ol )/%\:A”



Exercise: BST In-Order Traversal

@Test

public void test_bst_in_order_traversal() { ’od(
MWP

constructExampleTree(); ‘l

ArrayList<BSTNode<String>> inOrderList = u.inOrderTraversal &S~
assertTrue(inOrderList.size() == 16 + 17); /* 16 internal nodes + 17 external nodes */ 1¢€ /g‘ﬁs /?7
ArraylList<BSTNode<String>> expectedOrder = new ArraylList<>(Arrays.asList(
extNl, n8, extN2,
nl7z,
extN1@, n21, extNl1ll, n28, extN12, n29, extN13, n32, extN3,

BSTUtilities<String> u = new BSTUtilities<>();

n44,
extN5, n54, extN6, n65, extN14, n68, extN1l5, n76, extN1l6, n8@, extNl1l7, n82, extN7,
n88,
extN8, n93, extN9, n97, extN4
));

assertEquals(expectedOrder, inOrderList);



Exercise: Trinode Restructuring via a Right Rotation

@Test
public void test_bst_right_rotation_1() {
constructExampleTree();
BSTUtilities<String> u = new BSTUtilities<>();
o CuahERatatBrts, 117, 0B; —> plyes Rovototin, Hhe ngn) voot

. & b C. . . 2
ArrayList<BSTNode<String>> inOrderlList = u.inOrderTraversal :
assertTrue(inOrderList.size() == 16 + 17); /* 16 internal nodés + 17 external nodes */

ArraylList<BSTNode<String>> expectedOrder = new ArraylList<>(Arrays.asList(

extN1, // T1 Tt
n8, // ¢ 4 ﬂﬁl o 'fhg LQM yofa .
extN2, // T2 DIM{' 7 . %

ni7, // b 7 .0

extN10, n21, extN1ll, n28, extN12, n29, extN13, n32, extN3, // T3

n44, // a

extN5, n54, extN6, n65, extN1l4, n68, extN1l5, n76, extN16, n80, extN1l7, n82, extN7, n88, extN8, n93, extN9, n97, extN4 // T4
));

assertEquals(expectedOrder, inOrderList);



Exercise: Trinode Restructuring via a Right Rotation

@Test
public void test_bst_right_rotation_2() {

constructExampleTree(); M {pl‘
ﬁ

BSTUtilities<String> u = new BSTUtilities<>();
u.rightRotate(n32 r%, eief
Ar'rayList<BSTNode<Str1ng>> inOrderList = u.inOr‘derTraversal '{he
assertTrue(inOrderList.size() == 16 + 17); /* 16 internal nodes + 17 external nodes */
ArrayList<BSTNode<String>> expectedOrder = new ArraylList<>(Arrays.aslist {,I‘/f

extN1l, n8, extN2, nl7, ‘{ »6'1

extN1Q, // T1

n2l, //'c pr— /&/ee

extN1l, // T2

n28, // b

extN12, n29, extN13, // T3

n32, //a

extN3, // T4

n44, extN5, n54, extN6, n65, extN1l4, n68, extN1l5, n76, extN1l6e, n8@, extN1l7, n82, extN7, n88, extN8, n93, extN9, n97, extN4

));

assertEquals(expectedOrder, inOrderList);



BST Operation: Cases of Deletion nl--12- - R(F) ml-.. ut -vb

® remo v13
To delete an entry (with key k) from a BST rooted at node n: /[
Let node@)e the return value from|search|(n) (k).
o_Case 1: Nodd :)s external.
7 is not an existing key = ypthing to remove
Zmoth of node@)%hild nodes are[externall
rphan” subtrees to be handled = Remove p [ Still BST? ]
P& ne of the node@children, sa)@is internal.
e r's sibling is external = Replace ?de-p-b.snode r [ Still BST? ]
o Case 4: Both of node p’s children are\internal

F, e Let r be the right-most internal node p's LST.
& = r contains the largest key s.t. key(r) < key(p).
Exercise: Can r contain the smallest key s.t. key(r) > key(p)?
' e Overwrite node p’s entry by node r’s entry. [ Still BST? ]
e r being the right-most internal node may have:
o Two external child nodes = Remove r as in Case 2.

o An external, RC internal LC = Remove-i as in Case 3. / U/ \
4% # ?osﬁgﬂ




Visualizing BST Operation: Deletion

Case 4.1: Delete Entry with Key 17




After Deletion: Continuous Trinode Restructuring L

® _Recall : Deletion from a BST results in \ZMMMV
removing a node with zero or one lnternal chi (2 ;Pj)de fb-@
® After deleting an existing node, say its child i |
Case 1: Nodes on n's ancestor path remain balanced = No rotations 4

Case 2: At least one of n's ancestors becomes unbalanced.
1. Get the first/lowest unbalanced node( a Jon n's ancestor path.

2. Get a’s taller child node b . [ b ¢ n’s ancestor path | »/(
3. Choose b’s child node ¢ as follows: ,éufs-{
 b's two child nodes have different heights = ¢ is the taller child d .,..Aoéwvy
e b’s two child nodes have same height = a, b, ¢ slant the same way ”"0’0
4. Perform rotation(s) based on the alignment of a, b, and c: / I
; . . l 2 alle
¢ Slanted the same way = single rotation on the middle node b /?A‘A b dr,q
o Slanted different ways = double rotations on the lower node ¢ )’ll >h[
* As n's unbalanced ancestors are found, keep applying Case 2, / \
until Case 1 is satisfied. rotations]

ht R W 0 .
ot o @j;h/d’” 1 V”F,m /Qmw

\w






Trinode Restructuring after Deletion: Single Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 62, 32, 50, 78, 48, 54, 88>
- Delete 32 from the BST.

@ e dD)A- a@*




Trinode Restructuring after Deletion: Multiple Rotations

- Insert the following sequence of keys into an empty BST:
<50, 25, 10, 30, 5, 15, 27, 1, 75, 60, 80, 55>
- Delete 80 from the BST.




Lecture 8 - Sep 29

Graphs

Basic Definitions
Properties: Degrees, Number of Edges
Mathematical Induction on Vertices



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:
+ Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)




Graph: Definition /L}‘ {Q$ Es Cs Ds Es —F(
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Edges: Directed vs. Undirected
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Vertices: Degree ~ - dert

(Us V5 et
noiees U ol V.
e % wqd 04l o;é u

e 3 mm:mP/qP o v
g v

Exercises:

End vertices of m? 'Qs B
Outgoing Edges of A? 1, 0
Incoming Edges of A? g,
Edges incident on A? v, o, g
Degree of A?




Properties: Sum of Degrees for Undirected Graphs
Given a simple, undirected graph G = (V, E) with |E| = m

Z degree(V) = 2@ ‘E\

Vo Zr @éﬁ”

E
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v
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Properties: Sum of Degrees for Undirected Graphs
Given g simple, undirected graph G = (V,E) with |[E| =m

wL ZV degree(Vv)=2-m CIW %P;('
Ducoqy 4 ol Tofsa T on v i

Bop L+ V1=

[El=0.
® doaree(x) 20 ve{ﬂ)‘{?*o(v) L}lzlr,eo(x) 0=2 _L TH
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Properties: Sum of Degrees for Directed Graphs
Given a simple, directed graph G = (V, E) with |E| = m:

> in-degree(v)= 2 out-degree(V)

veV veV

ont-degee
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Properties: Sum of Degrees for Directed Graphs
Given a simple, directed graph G = (V, E) with |E| = m:

> in-degree(v)= 2 out-degree(V)

veV Ve



Properties: Sum of Degrees for Directed Graphs
Given a simple, undirected graph G=(V,E), |V|=n, |E| =m:

o L) BN eo‘\zl;es i OCIVE)
™ M;g

itl=1Io L (7[;07( 5
bt e/gps d %‘Mf%{/ ”W/\\;\/l
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Given a simple, undirected graph G=(V,E), |V|=n, |E| = m:

n-(n-1)
m% :

=

V. (n=1)
%

lher m =



Properties: Sum of Degrees for Directed Graphs
Given a simple, undirected graph G=(V,E), |V|=n, |E| = m:

n-(n-1)
2

m <



Lecture 9 -0Oct 1

Graphs

Mathematical Induction: Degree Sum
Paths, Cycles, Reachability
(Spanning vs. Connected) Subgraphs



Announcements/Reminders

e First Class (Syllabus) recording & notes posted
e Todays class: notes template posted
e Exercises:
+ Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)
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Graph: Subgraphs and Spanning Subgraphs
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Graph: Sub hs and ' b hs
raph: Subgraphs and Spanning Si 1?r'_apg_E
Formulate a condition of a graph G’ = @@ that is a

subgraph, but not a spanning subgraph, of G = (V, E).




Graph: |Connecfed Graph | &=(V,T)
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Graph: Connected Components

C
[ How many connected components
does the graph have?
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Lecture 10 - Oct 6

Graphs

Forest vs. Tree vs. Spanning Tree
Graph Traversal: Depth-First Search (DFS)
DFS on a Tree vs. Pre-Order Traversal



Simple cycle:
A closed path that starts and ends at ’rhe} same verf?x\ and

does not repeat any vertex or edge except for the starting/ending vertex.

pe-clp)

Exampl_e:‘

Non-simple cycle:

ik

A closed path that starts and ends at the same vertex but

may repeat

rt"mfs ;

Exampl_e:@-a-c-s

o

vertices or ed

the wa
m‘f A (AY dyn On?mr/; by b- \J\EIA ZWV ugv,/p

2o g



— — .
Graph: [Forests| and Trees -/ etted ;
~ o oyde ( aeyeirc)

B L

e Bl e vadros ave anenf
o &
Vin |Gt most onp Faf/z i

L

t o [>2 odplS  Lowmars
% Jreriel tsge 6{” i Zi«ws i ] 4
& o ood Vg comerred L/ 0 o i
PAjQ ~ the al;h % 108 & O U
a: Lonerfeal. o @ =

@-;;vl}st mc}/ of may @ |e Z‘ovmeofeo(, '\’,\/,



Graph: Forests and|Trees | ~_3 A lonne(fod 74@5%

s &ﬂwé{‘ﬁ’d
—> Lytlze

L) X 7&?56
L X Zree



Graph: |Spanning Trees G & <yzwmq 0 3 | < vl
> 2 powmioreeol % Mia}z that hes [e) Cuole
L A sfzvm ﬁ/&f{ 5 aho 4 e




ublaph [pmed $afoh J}we;t e | spaniml Gred
: —

U™ Uk

\M()‘ﬁegf’d Vi L P
0Nk

At«/clf g7 vol 1 v’

o
L/ |z
wed| 7 | 7 |7 |V
v | IO IV s B R R




Graph: Exercises
Given a graph

Which one of the following is a spanning tree?



Graph Traversals: Definition & Applications

=i 7))
Efficient| Traversal of Graph G: Applications: ('Vf‘ﬂ'
e Reachable Vertices from v € V

e A path between {u, v} ¢ V
e The minimum path between {u, v} ¢ V

e Is G connected?

e Compute a spanning tree of a connected G.
e Compute the connected components of G.

M{Eﬁﬂl’? e If G is cyclic, return a cycle.



Qb .
Graph Traversal: Depth-First /gearchJ(DFS) W ya{yﬁ :

0.9

R

o The path is extended as far as possible il all incident edges
lead to vertices that have already beer@;ﬁa

o Once the path originated from v cannot be extended further,
backtrack to the latest vertex whose incident edges lead to
some unvisited vertices.

Roporptiol - Fomte fmyh fpi/}zlows a/ﬂ‘IMa//ﬂ
Q. When a graph is a tree, Fe7 oAl *
5 to?

what kind of tree traversal does it corres/;;l%nd
?/Q-of{)'e/ C Ya"e/\f ﬁs‘f 5 rh—(lpf/m et ).
iﬂ{y Afl 1hesp
iﬁlows hep
been Vayesifed -

/H/
Q. What data structure should be used to /é/
L g
Y sale. (43T0) AT L, bark gtk

keep track of the visited nodes?




Depth-First Search (DFS): Marking Vertices & Edges

Before the DFS starts: s

o All vertices are unvisited. s

* All edges are unexplored/unmarked. ('/ C

Over the course of a DFS, we mark vertices and edges:

e A vertex v is marked visited when it is first encountered. [ o A

e Then, we iterate through each of v’s incident edges, say e: Jlowf > (,4
o If edge e is already marked, then skip it. lkwlﬂﬂ o Lapé-
o Otherwise, mark edge e as: #,afjc ) &y

e A discovery edge if it leads to an unvisited vertex : ﬁ} /A 0( /

o A back edge if it leads to a visited vertex (i.e., an ancestor vertex) :

). A Discovery Edge




Lecture 11 - Oct 8

Graphs

Proof: Spanning Tree and |V| vs. |E|
Tracing DFS using a Stack
Graphs in Java: Edge List
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Properties: Structure vs. [V| and [E|

Given G = (V, G) an undirected graph with [V|=n, |[E|=m
(Im=n-1 if Gis aspanning tree |~ (7 &5 & rww‘rg 7 7_,5_4._4(

\?»msn—1 if G is a forest £ :
m>n-1 if Gis connected 7 = n-| \\/l-é
m if G contains acycle  or Vm}’ ‘E—( ¥

Forest

Spanning Tree

5
Sppnain) bt wn«.ecml poreteed, e
El = v~ | |v"%1 E]= 4 <lvl-] ﬂévmmg/ g‘;f{ *ﬁ‘: (1)



Properties: Structure vs. |Vl and [El T4, G -5 A ﬂzm»ﬁ
Given G = (V, G) an undirected graph with |V| = n, |E| = m: el _>

m=n-1 if Gis aspanning tree ’-E( W
m<n-1 ifGis aforest

m>n-1 if Gisconnected PR ¢t M:ﬂ—{
m2>n if G contains a cycle
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Depth-First Search (DFS): Example 1 (a) bt mﬁf
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Assumptions:
® Adjacent vertices visited in alphabetic order ﬁ/g/
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Depth-First Search (DFS): Example 1 (b)

—2(A) 4 éa@w;gm
el 4 ¢

&, O 64 E D E
pla C
) Ela ¢

Assumptions:
L/e Adjacent vertices visited in alphabetic order
/e Exception: Edge AC visited first




Depth-First Search (DFS): Example 1 (c)

(A,

&) | @
O

Assumptions:
® Adjacent vertices visited in alphabetic order
e Exception: Edge AD visited first




Depth-First Search (DFS): Example 1 (d)

(A,

&) | @
O

Assumptions:
® Adjacent vertices visited in alphabetic order
e Exception: Edge AE visited first




Depth-First Search (DFS): Example 2

g

Assumptions:
e Adjacent vertices visited in alphabetic order




Graph Traversals: Definition & Applications

=i 7))
Efficient| Traversal of Graph G: Applications: ('Vf‘ﬂ'
e Reachable Vertices from v € V

e A path between {u, v} ¢ V
e The minimum path between {u, v} ¢ V

e Is G connected?

e Compute a spanning tree of a connected G.
e Compute the connected components of G.

M{Eﬁﬂl’? e If G is cyclic, return a cycle.



Graph Traversals: Adapting DFS

Efficient Traversal of Graph G:

Graph Questions:
e Fina a path between {u, v} c V

e Is v reachable from v

¢ Find all connected components of G.

e Compute a spanning tree of a connected G.
e Is G connected?

e If G is cyclic, return a cycle.



Graphs in Java: Doubly-Linked Nodes and Lists

public clasg, DLNode<E> { /% Doubly—-Linked Node x*/
private E_element; v
private (DLNode<E> prev; private (DLNode<E> next;
public DLNode (E e, DLNode<E> p, DLNode<E> n) { ...}
/* setters and getters for prev and next #*/

}

public class DoublyLinkedList<E> {
private int size;
private DLNode<E> header, pr:l.vate DLNode<E> trailer;
public wvoid remove (DLNode<E> r

(DDLNode<E> pred = node. getm M{Mr%ﬂ

DLNode<E> succ_= efSucc ), m
jored. setNextSéucc %ucc sleev (pred) ;
node.setNext (nul ade.setPrev(null) ;
size ——;
}7/6’0(

Lt

noolp S

E«y/r,/ UL

0(1) ML

dee I Node<E>

element

prev

4
@ il 1

element

Node<E> ol /\%/
A

-_',,——""‘~§s...

7

M"@ next
2

previie___—***




Graphs in Java: [Edge List| Strategy (1)

public class EdgeListGraph<V, E> implements Gra-h<V’ E> |
private (Doubl lenkedLl st<Edg‘£1.stVertex< V>>
private DoublyLinkedList<EdgeListEdge<E, V>>
private boolean isDirected;

/* initialize an empty graph */

public EdgelListGraph(boolean isDirected) {
vertices = new DoublyLinkedList<> () ;
edges = new DoublyLinkedList<>();
this.isDirected = isDirected;

private V element; private E element;

public Vertex(V element) { this.element = element; private Vertex<V> Qrigin;
private Vertex<V> dest;

public Edge(E element) { this.element = element; }
/* setters and getters for element, origin, and destination */

public class Vertex<V> ({ public class Edge<E, V> { O

/* setter and getter for element #*/

EdgeLlstVertex<V> ektends Vertex<V> ({

DLNoJEIVETrteXI V> FTextListPosition;
/* setter and getter for vertexListPosition x/ /% setter and getter for edgeListPosition x*/

}




Graphs in Java: Edge List Strategy (2)




Lecture 12 - Oct 20
Graphs
Adapting DFS for Graph Questions

BFS: Marking Vertices and Edges
BFS: First Example on a Tree



Announcements/Reminders

® Today's class: notes template posted
e Assignment 1 due on Wednesday, October 22
e Test 1 next Monday, October 27:
+ Guide released
+ Review Session (slides, notes): Wednesday
+ Review Session , more Q&A): Friday
e Tutorial Exercisesso far:
+ Tutorial Week/ 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)




Test 1 (WSC, E:BO PM t0|5:20| PM)
Coverage 1//0«4»4./ G2
+ Lecture materials (shdes notes, example code) 4]7'1/@ gm)?h

up to and including Monday, October 20 /\kgﬂ )
+ Tutorials 1 to 4 L i &
pluss , Ko

+ Assignment 1 "
Format /_\/ Vpr i’
+ [Programming Part (Ecllpseb.

* Import a Java starter project (like Al)

* Implement Java classes/methods to pass test cases
+ Written Part (eClass):

* Primarily MCQs
* Written questions (e.g., short answers, justifications, proofs)
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¥ a s VRS ten refam o Segl (.C. )
Grdph Traversals: Adapting DFS

Efficient Traversal of Graph G: oy,
Graph Questions:
@Fina a path between @ vicv 48 /7-Pf£> ;é{,

I stavt @ DFC Aom . 3. 7# vE VISPoA s Yionr

2. Ugsrtam & st o i P T Vertpe
e Is ¥ reachable from v -

Gttt £ mblaﬁvi & mt

¢ Find all connected components of G.

e Compute a spanning tree of a connected G.
L) # 0{750009-'3 @(7195 = # 90{7(’} 7 &
e Is G connected? — |

L & visted wocks 2 |V

e If G is cyclic, return a cycle.

vefav tl s
s vt e Y&fh i iea faclc ecfje,




A breadth-first search (BFS) of graph G = (V, E),

starting from some vertex v € V:

o Visits every vertex adjacent to v before visiting any other
(more distant) vertices

e BFS attempts to stay as close as possible,
whereas DFS attempts to move as far as possible

e BFS proceeds in rounds and divides the vertices into levels

o No backtracking in BFS: it is completed as soon as the
most distant level of vertices from the start ver jx v are visited.

Wﬁ{%wa As o0 Al & R\(ﬂfﬁ'\t
o

Z%///E/XVZ},Q{A tort VEATE of E

3 anlt VertiRs o B

Q. What data structure should be used to

keep track of the visited nodes? K/'F




Breadth-First Search (BFS): Marking Vertices & Edges

Before the BFS starts:

e All vertices are unvisited.

e All edges are unexplored/unmarked.

Over the course of a BFS, we mark vertices and edges:

¢ A vertex is marked visited when it is first encountered.

e Then, we iterate through each of v's incident edges, say e: C (S 9476 /6

o If edge e is already marked, then skip it.
o Otherwise, for an _undirected graph, an edge is marked as: M? 7
e A discovery edge if it leads to an unvisited vertex 41 M
e A cross edge if it leads to a visited vertex &.f
(i.e., from a different branch at the same level). 3\/5/

A Discovery Edge NS Edge







Lecture 13 - Oct 22
Graphs

Test 1 Review



Announcements/Reminders

® Today's class: notes template posted
e Assignment 1 due on Wednesday, October 22
e Test 1 next Monday, October 27:
+ Guide released
+ Review Session (slides, notes): Wednesday
+ Review Session , more Q&A): Friday
e Tutorial Exercisesso far:
+ Tutorial Week/ 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)
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Trinode Restructuring after Deletion: Multiple Rotations

- Insert the following sequence of keys into an empty BST:

<50, 25, 10, 30, 5, 15, 27, 1, 75, 60, 80, 55>
- Delete 80 from the BST.

s ;
<0 A\
42{\,7; mpices a T Teh T
3/0/ 4\350/2\301 / N\, by q
/\\/ a/\ol\e 64 35@%" \607‘
2€ IEYTHEGE B / \'.2(, o/\e 7, I\




After Deletions: e
Continuous Trinode Restructuring

® Recall : Deletion from a BST results in
removing a node with zero or one internal child node.
® After deleting an existing node, say its child is n:
Case 1: Nodes on n’s ancestor path remain balanced. = No rotations
Case 2: At least one of n’s ancestors becomes unbalanced.
1. Get the first/lowest unbalanced node @)on n's ancestor path.

2. Get a’s taller child node [ b¢ n's ancestor path |
3. Choose b’s child node ¢ asyﬂows:

 b's two child nodes have different heights = ¢ is_the taller child
e b's two child nodes have same height = a, b, ¢ slant the same way
4. Perform rotation(s) based on the alignment of a, b, and c:

o Slanted the same way = single rotation on the middle node b

o Slanted different ways = double rotations on the lower node ¢
® As n’'s unbalanced ancestors are found, keep applying Case 2,

until Case 1 is satisfied. [ O(h) = O(log n) rotations]



Tutorials - Week 7 - Oct 24

Test 1 Review

Assignment 1 Solution Walkthrough
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Lecture 14 - Nov 3

Graphs

Tracing BFS using a FIFO Queue
Back Edge (DFS) vs. Cross Edge (BFS)
Implementing Graphs: Adjacency Lists



Announcements/Reminders

® Today's class: notes template posted
e Test 1 results to be released on Tuesday (Nov 4)
e Change of Dates:
+ Assignment 2 fo be released on Wed, Nov 12
+ Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Breadth-First Search (BFS): Example’1 (a)
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Breadth-First Search (BFS): Example 1 (b)

Assumptions:
® Adjacent vertices visited in alphabetic order
e Exception: Edge AC visited first




Breadth-First Search (BFS): Example 1 (c)

Assumptions:

® Adjacent vertices visited in alphabetic order
e Exception: Edge AD visited first
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Graph Traversals: Adapting BFS

Efficient Traversal of Graph G:

Graph Questions:

® Fina a path between {u, v} c V

Jeat BFS fon U, mainterr o /z'ﬁ wat?/
e Is v reachable from v 27

Stat B Som U, & v g0 Olosrrony7

e Find all connected components of G.

J @EMMWG.
Toth BES wall 7dontdtd] the o g i@

e Is G connected? PA LA the
J gt vetek

e If G is cyclic, return a cycle.
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Back Edge (DFS) vs. Cross Edge (BFS): Cyclic?
YeS.

Does a back edge always imply the existence of a cycle?
Does a cross edge always imply the existence of a cycle?

oL




Graphs in Java: Adjacency List Strategy (1)

class AdjacencyListGraph<V, E> implements Graph<V, E> ({
private DoublyLinkedList<AdjacencyListVertex<V>> vertices;
private DoublyLinkedList<AdjacencyListEdge<E, V>> edges;
private boolean isDirected;

/* initialize an empty graph #*/
AdjacencyListGraph (boolean isDirected) {
vertices = new DoublyLinkedList<>();
edges = new DoublyLinkedList<>();

this.isDirected = isDirected;

public class Vertex<V> { public class Edge<E, V> {
private V element; private E element;
public Vertex(V element) { this.element = element; } private Vertex<V> origin;
/* setter and getter for element x/ private Vertex<V> dest;

} public Edge(E element) { this.element

/* setters and getters for element, origin, and destination */

= element; }

public class EdgeListVertex<V> extends Vertex<V> {

public DLNode<Vertex<V>> vertextListPosition; public class EdgelListEdge<E, V> extends Edge<E, V> {
/* setter and getter for vertexListPosition */ public DLNode<Edge<E, V>> edgeListPosition;
} /* setter and getter for edgeListPosition */

}

class AdjacencyListVertex<V> extends EdgelListVertex<V> ({
private DoublyLinkedList<AdjacencyListEdge<E, V>> incidentEdges;

class AdjacencyListE
DLNode<Edge<E, V>>
DLNode<Edge<E, V>>

/* getter for incidentEdges x*/

originIncidentListPos;
destIncidentListPos;

}




Lecture 15 - Nov 5

Graphs

Visualizing Adjacency Lists Strategy
Shortest Paths in Weighted Graphs
Dijkstra’s Algorithm: Intro, Example 1



Announcements/Reminders

® Today's class: notes template posted

e Test 1 results released on Tuesday (Nov 4)

e Change of Dates:
+ Assignment 2 fo be released on Wed, Nov 12
+ Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Back Edqge (DFS) vs. Cross Edge (BFS): Cyclic?

Does a back edge always imply the existence of a cycle?
Does a cross edge always imply the existence of a cycle?

DFS

BFS




Graphs in Java: Adjacency List Strategy (1)

class AdjacencyListGraph<V, E> implements Graph<V, E> ({
private DoublyLinkedList<AdjacencyListVertex<V>>(vertices;
private DoublyLinkedList<AdjacencyListEdge<E, V>>(edges;
private boolean isDirected;

/* initialize an empty graph #*/
AdjacencyListGraph (boolean isDirected) {
vertices = new DoublyLinkedList<>();
edges = new DoublyLinkedList<>();

this.isDirected = isDirected;

public class Vertex<V> { public class Edge<E, V> {
private V element; private E element;
public Vertex(V element) { this.element = element; } private Vertex<v> igin;
/+ setter and getter for element */ private Vertex<V> (dest;
} public Edge(E element) { this.element = element; }

/* setters and getters for element, origin, and destination */

public class EdgeListVertex<V> extends Vertex<V> {
public DLNode<Vertex<V>> vertextListPosition; public class EdgeListEdge<E, V> extends Edge<E, V> {
/+ setter and getter for vertexListPosition */ public DLNode<Edge<E, V>> edgeListPosition;

} /+ setter and getter for edgeListPosition */

}

class AdjacencyListVertex<V> extends EdgeListVertex<V> ({ class AdjacencyListEdge<V> extends EdgeListEdge<V>
private DoublyLinkedList<AdjacencyListEdge<E, V>> incidentEdges; DLNode<Edge<E, V>> (originIncidentListPos;

/* getter for incidentEdges */ DLNode<Edge<E, V>> destIncidentListPos;
}




Graphs in Java: Adjacency List Strategy (2)
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Dijkstras Shortest-Path Algorithm %% % fer 78 1 Sy i

ental
Starting from a source vertex§)perform a BFS-like procedure: A @/)

s) =0, and every other vertex t + s, D(t) = c0.  [distance] twe {)MNS( Z
1.2 Set a(v) = nil for every vertex v. [ancestor in shortest path ] ‘7
1.3 Insert aII vertices into a|priority queue Q [ keyed b‘

=\

2.1 ertex u in Qst sthe ini : 75'64731'&% '/
2.2 F every vertex(Wadjacent to(y) if: V.
D(u)+ w(u, v)(< D(v) |, then: - f)---

e Set D(v) = D(u) + w(u,v)
e Seta(v)=u Nl ,‘ﬂ{('fpd v\

2.3 |Remove vertex u from Q. [
Upon completion, for every vertex t (t £ s): .\,> .\,é
e (D(t)=d(s,t)|(i.e., weight of shortest path from s to t).

e Reversing t's ancestor path — shortest path : (s,...,a(t),t)

!
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Tutorials - Week 9 - Nov 7

Graphs

Breadth-First Search (BFS)
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Lecture 16 - Nov 10

Graphs

Dijkstra’s Algorithm: Tracing
Dijkstra’s Algorithm: Pre- and Post-cond.



Announcements/Reminders

® Today's class: notes template posted

e Test 1 results released on Tuesday (Nov 4)

e Change of Dates:
+ Assignment 2 fo be released on Wed, Nov 12
+ Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



sl goured.

‘Dulksfms Shortest Path Algorl’rhj gxample 2 fj; mr 1 ;_” wed

(

¢ Q)|

9]
nil

X o
oo

n7|

@5y

b
2
7l

2"
z><;
7]

g

4es

NG
774

?
30
20
el _b) ot

£ o/ %)

4 ://( N5
—(vrg/ ,’AZI)

D> P(we d(w,w) Aval

S

Ux)=Uo
[ZC:Q- 20

LB
QAN
X X3
R A

/\I\I\fH

+ -+

o(fdsT) #4 /
VG) (‘dsz) )4,,&{

W{);Zg
;((x}:\r &T

||vaQ [ Fon, &K

W& Q = ndt Md&@f
w+§ < 40 —

¥ i \ay, (D valae) vty 84&& F

X V(0=

We AN & B — ot Coﬁsﬂu{’d ¥



_UPQ/\ 18/ v Dt7oN Ol: Dc k;t,mfs ﬂlgov WHm

d{’S{’ anlestor ;7)1‘/1

X

N 1 € W

£ Z
dest. | <hortest Vﬁfk ( Lot ovce W)
X|lw € Y X

Y|lw =2 Y

< |w 2




Correctness of Loops: Syntax
@m/ﬂ ._Ivo;.d Imyi-lllgcljrilthnlfl()l{l T |

assert Q; /* Precondition =/

‘ Violation
init L Sinit | Slnlt
while { Q| assert I; /x Is LI established? */
4 while( B ) { Y. Loop
od K Sbody e

. ._?_Q_ _______ - Precondition

X v Invariant
} . i assert I; /x Is LI preserved? x/ § ‘e Violation
- 1 1 .
{R} J_ .: | assert R; /+ Postcondition %/ 1 I '
W{M (ﬂ.ﬂ. |} 1 1 1 1 1 1 1 1 1 1 1 1 1 v- = B A= R
:' e mmmctene > Postcondition
. et Violation
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Lecture 17 - Nov 12

Graphs

Loop Invariant (LI): Execution Flow
Relating Exit Condition, LI, Postcondition
Dijkstra’s Algorithm: LI, Assumption



Announcements/Reminders

® Today's class: notes template posted

0|Assignmen1' 2 released

e Change of Dates:

T 'Fﬁ/ﬁé [zct

+ Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Correctness of Loops: Syntax

__ /ﬂM -------------- . ! Precondition
iﬁ m _vo:l.d myAlgorithm() { ‘e . Violation
o — assert 0Q; / r ondltlon */
init /\.) est z -
while { as sert e / Is established? =/
I T thlle( B‘/’ T 41‘4751#/, o Loop
body % ﬁ‘{ H .
| | / -~ .r .

] Invariant
} o i assert I; /~ Is LI preserved? x* .
. Violation

} Y | ;
{R} 4 | assert/% Postdpndition */ X )
\ufm (f’M ) : -. I A?
: : : { W PR Ny Postcondition

Violation
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L1 1=6
Correcfne{é of Loops: Example 15f Izwea//.

void testLIf) { /# Assume: integer attribute 1 #*/
) /+ Precondition #*/

R Precondition
W Pttt > .
‘ Violation

assert [T <= D GeY(Z <= 6)} /+ 7s .7 established? +/

while (i <= 9} { Sinit
i=1i+1;

assert (1 <= 1) && (i <= 6);

}

Lassert 1 == 6; |/+ Postcondition =/

/+ Is L1 GEinEemeas -/ s
> Invariant

Violation

___________ > Postcondition
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Contracts of Loops: Visualization
M{ qc Exit condition
Premg‘g?'st
Ma/zfﬂ‘)
S7,|1f IInltlahzatlon Invariant

Postcondition
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Correctness of Loops: Dijkstras Shortest-Path Algorithm

Recall: A loop invariant (LI) is a Boolean condition. »
o Llis establisehd before the 1st iteration. s b —
o LI is preserved at the end of each subsequent iteration. S

The (iterative) Dijkstra’s algorithm has L/: ’”’tl

For every vertext u that has already been ol Loop

o : . : . R AR Invariant
removed from the priority queue Q (i.e., u is considered visited) : Violation

] Q _______ W Precondition

u) equals the|true shortest-path distance from sourcd sto u.

Postcondition
Violation
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Dijkstras Shortest Path Algorithm: Negative Weights

The (iterative) Dijkstra’s algorithm has LI:

For every vertext u that has already been

removed from the priority queue Q (i.e., u is considered visited),
D(u) equals the frue shortest-path distance from source s to vu.
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Tutorials - Week 10 - Nov 14

Graphs

Precondition and Postcondition
Deriving and Tracing Loop Invariant
Correctness of Loops



Iterative Algorithm:¢Preconditioniand Postcondition
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Iterative Alqorithm: Loop Invariant (1)

1 Jint findMax (int[] a) {

2 assert Q: /* precondition satisfied? */
3 int i = 0;

4 ‘int result = af[i];

5! assert LI /% _1

6 while ! .

7 ifCa[i] > result

8 result = al[i];

9 }

10 i=1+1;

11 ASSEertellsN/* invariant preserved? */
12 }

13 assert R; /* postcondition satisfied? *
14 return result;




Iterative Alqorithm: Loop Invariant (2)

1 Jint findMax (int[] a) {

2 assert Q; /* precondition satisfied? */
3 int i = 0;

4 int result = al[i];

5 assert LI;|/* invariant established? */
6 while(i '= a.length) {

7 ifCa[i] > result) {

8 result = al[i];

9 }

10 i1i=1+1;

11 assert LI; /* invarig

12 }

13 assert R; /* pos
14 return result;
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Iterative Algorithm: Correctness

1 Jint findMax (int[] a) {

2 assert Q; /* precondition satisfied? */ St

3| int i - o; N
4 int result = al[il;

5 assertll /* invarignt established? */ A]

6 while(i != a.length)

7 if(a[i] > result) { 1 (-L' /= A /&ﬂ'fh)

8 result = al[i]; U

ol 3 A A,

| i-ien V- 0e <@ wuk>al]
11 ASSEertells /'~ invariant preserved? */ \I J

12 }

13 assert R; /* postcondition satisfied? */ ‘> \7[\] O < < A /&)794‘

14 return result;
15 |} vemlt > d(j]

Mshwe T O s ,4} AZ
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Lecture 18 - Nov 17

Graphs

Priority Queues ADT: Introduction
Heap: Structural Property
Heap: Relational Property



Announcements/Reminders

® Today's class: notes template posted
¢ Assignment 2 released
e Change of Dates:
+ Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24
® Online Course Evaluation
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Test 2 (WSC 106, 4:30 PM to 5:20 PM, Monday Nov 24)

Coverage

& Graphs lecture (slides 33 — 72, notes, example code)

N“e Tutorials Weeks 9 and 10
g'+ Assignment 2
}Forma'r
+ Programming Part (Eclipse):
* Import a Java starter prgject (like A2) Py ot

l,\ﬁ‘fl":(r * Implement Java classes/methods to pass test cases
),\ﬁ‘am e.g., Implement (graph op from scratch. 6/ {
et (‘J * e.g., Implement graph op based on given'DFSAA1) o BES/(A2).

(Nj; g‘?)WriHen Part (eClass):
D(t? * MCQs V
* Written questions (e.g., short answers, justifications, proofs)
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Heaps: |Structural Properties of Nodes QMI | = /1
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Heaps: Relational Properties of Keys

Property: Each non-root node n is s.t. key(n) > key(parent(n))
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Example Heaps

Example 1

Example 2 Example 3 Example 4

Example 5 Example 6




Lecture 19 - Nov 19

Graphs

Heap Operations: Insertion vs. Deletion
Dijkstra’s Algorithm: Time Complexity
Implementing Graphs: Adjacency Matrix



Announcements/Reminders

® Today's class: notes template posted
¢ Assignment 2 released
e Change of Dates:
+ Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24
® Online Course Evaluation
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Heap Operations: Deletion —
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Dijkstras Shortest Path Algorithm: Time Complexity

A UNYO / A7Ptred o widneriag lv,
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2 Graph = (V, E); Source Vertex 4 sees o0 fO(
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Graphs in Java: Adjacency Matrix Strategy (1)

class AdjacencyMatrixGraph<V, E> implements Graph<V, E> {
private DoublyLinkedList<AdjacencyMatrixVertex<V>> vertices;
private DoublyLinkedList<EdgeListEdge<E, V>> edges;
private boolean isDirected;

private EdgeListEdge<E, V>[][] matrix;

/+ initialize an empty graph #*/

AdjacencyMatrixGraph (boolean isDirected) {
this.vertices = new DoublyLinkedList<>();
this.edges = new DoublyLinkedList<>();
this.isDirected = isDirected;

public class Vertex<V> { public class Edge<E, V> {
private V element; private E element;
public Vertex(V element) { this.element = element; } private Vertex<V> origin;
/* setter and getter for element x/ private Vertex<V> dest;
} public Edge(E element) { this.element = element; }
/* setters and getters for element, origin, and destination */
}

public class EdgeListVertex<V> extends Vertex<V> {
public DLNode<Vertex<V>> vertextListPosition; public class EdgeListEdge<E, V> extends Edge<E, V> {
/+ setter and getter for vertexListPosition */ public DLNode<Edge<E, V>> edgeListPosition;

} /* setter and getter for edgeListPosition */

}

class AdjacencyMatrixVertex<V> extends EdgelistVertex<V> ({
private int 0,1,2, -~

/+ getter and setter for index =/




Graphs in Java: Adjacency Matrix Strategy (2)




Tutorials - Week 11 - Nov 21
Graphs

Assignment 2 Solution
Graph Implementation Strategies



Graphs in Java: Strateqgies

VERTEX

EDGE

GRAPH

ADJACENCY LIST

incidentEdges

originincidentListPos

destIncidentListPos

EDGE LIST

ADJACENCY MATRIX

vertexListPosition

index

edgeListPosition

isDirected
vertices
edges

matrix

T




Graphs in Java: Time Complexities (1)

numVertices(), numEdges()
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Gra
phs in Java: Time Complexities (2) }F'l_

vertices(), edges()
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Graphs in Java: Time Complexities (3) .« (. yecZoli
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Graphs in Java: Time Complexities (4) &t +he vou wolexed LY v,

outDegree(w), inDegree(u) .
inEdges(v), outEdges()|”




Graphs in Java: Time Complexities (5)

insertVertex(x)
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Graphs in Java: Time Complexities (6)
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Graphs in Java: Time Complexities (7)

insertEdge(u, v, x),
removeEdge(e)




Lecture 20 - Nov 26

Graphs

Directed Acyclic Graphs (DAGs)
Topological Ordering

Topo. Sort: Time Complexity, Tracing
Topo. Sort: Sequentializing Updates



Announcements/Reminders

e Today's class: notes template posted
® One in-person make-up lecture
e One or two exam review sessions
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Topological So

rt on a DAG: Time Complexity

Iterable<Vertex<V>>

|

for (Vertex<V> v:

Graph<V, E @
ArrayList<Vertex<V>> —( new ArrayList<>(); J il Wa/
vertices fﬁd
% oo 75 W'ﬁp | YA V1

1E( ! 'sisited { ﬁ{M"FéM 4/ "W;r{?d s Wﬂd_ k;élr.

o, v, |ordexn)

}
}

return order;

>

!

C S el
P

e

1 Graph<V, E>(g) Vertex<V> ArrayList<Vertex<V>> -{
2 ac oS = new LinkedStack(); v.setVisited(); (s.push(v);
3 whxle(Js isEmpty()) {
4 o® ver%ex<v> top = s.peek();
5, : Jterator<Edge<E V>> it = g.outGoingEdges (top) ;
.8 | . boolean foundUnexploredEdge = false; (/ ﬂ’
", while (it.hasNext () && 'foundUhexploredEd e) f ébérs
8 Edge<E, V> e = it.next(); ﬂ‘trJ&‘
*9 Vertex<V> opposite = e.getDestination();
10 lopposite.isVisited()) { /* discovery adge */ 6”ﬂ
11 foundUnexploredEdge s, true;
12 oppos.we- 3é€¥7151ted(), So push(opposite); e m d\Y M[ .
13 cegee®’

W
15 if (! foundUnexploredEdge) { ; s.pop();}
16
J 75
17 . =




Topological Sort on a DAG: Example (1) ‘kwy 70 wiozef
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Topological Sort on a DAG: Example (2)

D

i . teachCSE

breakfast goToPost

Office

exercise 214
C
goToWork




Topological Sort on a DAG: Example (3)

Task: Sequentialize the specified transactional upda’res

dl-a :=
oltl_b :=

1 =)

\E,

k,plozfrml Sort
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X

A2 Y,
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Lecture 21 - Dec 1

Graphs

Minimum Spanning Tree (MST) Problem
Greedy Method
Kruskal’s Greey Algorithm



Announcements/Reminders

e Todays class: notes template posted
e Survey on in-person make-up lecture & exam review active!
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Topological Sort on a DAG: BFS? r”ﬂ’ml
®
Consider: g)= (s, A, B}, {(5, A), (5, B), B A "otk
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MST Problem: Greedy Method bﬂﬂ I
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Greedy Method Example: Dijkstra’s Algorithm

ALGORITHM: Dijkstra-Shortest-Path
INPUT: Graph G = (V, E); Source Vertex SEe€ 74
OUTPUT: For teV (ft+58),
e D(t) := d(s,t)

e Shortest Path: (s,..., a(a(t)), a(t),t)
PROCEDURE : {
D(s) =0 V.
for(t € (VN {s D(t) = oo
for(v € V): A(v) = nil
for (v € V)y

QEigijff()i -— Q is a PQ keyed by D > (D (_{_QP 7.—{-{? Aﬂ\ff q(,

while
u = .Im1
or (Vv adjacent uy: saé,f%@ﬂ
/f?eo A D(u) w(u, v) < D()): (@-)

D(v) = D) + (u, v)

2t = u all kaclzed vetme
g - :kei.'o @ aﬂeflé §e0 P MW’IO

Q. removeMin ()

—




MST Problem: Kruskal’s Algorithm

1 || ALGORITHM: Find-MST-Kruskal

2 INPUT: Simple, Undirected, Weighted, Connected G=(V,E)
3 OUTPUT: A minimum spanning tree T of G

4 PROCEDURE:

5 for veV: C(v) := {v} —— build |V| elementary clusters
6 Initialize a priority queue Q containing E -- keyed by weights
7 T := l__

8 while |T|(s)7—1 — [Tl=W | Fh s @M?ﬁm/'

9 :4 Q. removeMin() ?ﬁ

10 ) be the cluster containing U

11 ) be the cluster containing V

12 i #+ C(v) then

i3 :=\Tu{(u,v)}
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Lecture 22 - Dec 10

Graphs

Partition, Cluster, Cut
Kruskal’s Algorithm: Cut Property
Kruskal’s Algorithm: Time Complexity
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MST Problem: Cut Property
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MST Problem: Cut Property in Kruskal’s Algorithm

1 ALGORITHM: Find-MST-Kruskal
2 INPUT: Simple, Undirected, Weighted, Connected G= (V,E) ‘* IC é
3 OUTPUT: A minimum spanning tree T of G 'th 0'7M(4Q
4 PROCEDURE: 7
5 for veV: C(v) := {v} —- build |V| elementary clusters O (D Q 6 E [
6 Initialize a priority queue Q containing’de keyed b ightge C + V
il o 0 | ,d L> 607) AV
' : ) ol [(EdC V\@
let C(u) be the cluster contalnlng u o 5 mek DA @
let C(v) be the cluster containing V Nb o JCA g) (-B EE P
12 if C(u)+ C(v) th o $ 3
13 = T :(= )TU {((3 v)}en ITERATION MIN ED E.‘ PROCESSING RESULTING PARTITION i MST UNDER CONSTRUNCTlON
14 Merge C(u) and C(v) into one cluster | it —. _ # {A}*{B}’{C}’{D}*} g
. % n {E},{F},{G},{H}

*Ma/
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\/ pos ¢ }
S ( gfc) 5 \7 ) .
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