
EECS3101 Design and Analysis of Algorithms

Lecture Notes

Fall 2025

Jackie Wang



Lecture 1 - Sep 3

Syllabus & Introduction

Professional Engineers: Code of Ethics



Course Descriptions







Course Learning Outcomes (CLOs)



Lecture 2 - Sep 8

Introduction, DbC

Motivating Problems
Design by Contract
Clients vs. Suppliers



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)



A Searching Problem





A Routing Problem



Program Optimization Problem



Program Translation Problem



Design by Contract (DbC): Client vs. Supplier





Client vs. Supplier in OOP



Lecture 3 - Sep 10

DbC, Modularity, ADTs, 
Asymptotic Analysis

DbC: Honouring the Contract
Modularity, ADTs
Asymptotic Upper Bound (Big-O)



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 this Friday (in person)



DbC: Contract Honoured?







Modularity: Childhood Activities



Modularity: Daily Constructions



Modularity: Computer Architectures



Modularity: System Developments



Modularity: Software Design





Java Classes: Abstract Data Types?





Asymptotic Upper Bound: Big-O Example:
f(n) = 8n + 5
g(n) = n

Prove:
f(n) is O( g(n) )

Choose c = 9. 
What about n0?



Asymptotic Upper Bound: Example

g(n) = n

f(n) = 8n + 59 * g(n) = 9n

5

45

5



Tutorials - Week 2 - Sep 12

Utilities using 2D-Arrays,
Asymptotic Analysis 

Row with Maximum Sum, isRectangle
Proving Asymptotic Upper Bounds
Deriving Asymptotic Upper Bounds



2D Array Algorithm: Row with Max Sum
Problem: Given a 2D array a of integers, 
find out the row (i.e., a 1D array) with the maximum sum.
Assume: a is not empty, the row with max sum is unique.



2D Array Algorithm: Is a 2D Array a Rectangle?
Problem: Given a 2D array a of integers, 
determine whether or not a is a rectangle.
Assume: a is not empty.



Proving f(n) is O( g(n) )



Exercise: Prove f(n) = 5n⁴ - 3n³ + 2n² - 4n + 1 is O(n⁴) 



Asymptotic Upper Bounds: Example (1)

Given f(n) = 5n² + 3n · log n + 2n + 5:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.



Asymptotic Upper Bounds: Example (2)

Given f(n) = 20n³ + 10n · log n + 5:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.



Asymptotic Upper Bounds: Example (3)

Given f(n) = 3 · log n + 2:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.



Asymptotic Upper Bounds: Example (4)

Given f(n) =       :    
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.



Asymptotic Upper Bounds: Example (5)

Given f(n) = 2n + 100 · log n:
(1) What is f(n)’s most accurate asymptotic upper bound.
(2) Prove your claim.



Determining the Asymptotic Upper Bound (1.1)



Determining the Asymptotic Upper Bound (1.2)



Determining the Asymptotic Upper Bound (2)



Lecture 4 - Sep 15

Asymptotic Analysis

Defining Big-O using Predicate Logic
Deriving Big-O: Triangular Sum
Dynamic Arrays: Constant Increments



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)



Q. Formulate the definition of “f(n) is order of O(g(n))” 
using logical operator(s): ¬, ∧, ∨, ⇒, ∀, ∃ 

Known:

Asymptotic Upper Bound (Big-O): Alternative Formulation





RT Functions: Rates of Growth (w.r.t. Input Sizes)





Asymptotic Upper Bound: Arithmetic Sequence/Progression



Determining the Asymptotic Upper Bound (3)





Amortized Analysis: Dynamic Array with Const. Increments

W.L.O.G, assume: n pushes 
and the last push triggers the last resizing routine.

Amortized/
Average RT:

initial array: I

1st resizing: I C

2nd resizing: I C C

3rd resizing: I C C C

Last resizing: I C C C CC



Lecture 5 - Sep 17

Asymptotic Analysis,
Self-Balancing Binary Search Trees

Amortized RT: Constant Increments
Deriving Sum of Geometric Seq.
Height Balance Property



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)

• Tutorial Week 2 (this week)
+ No in-person attendance.
+ Exercises will be assigned.



Amortized Analysis: Dynamic Array with Const. Increments

W.L.O.G, assume: n pushes 
and the last push triggers the last resizing routine.

Amortized/
Average RT:

initial array: I

1st resizing: I C

2nd resizing: I C C

3rd resizing: I C C C

Last resizing: I C C C CC







Deriving the Sum of a Geometric Sequence

Initial Term: I
Common Factor: r
Number of Terms: k



Worst-Case RT: BST with Linear Height
Example 1: Inserted Entries with Decreasing Keys

<100, 75, 68, 60, 50, 1>

Example 2: Inserted Entries with Increasing Keys
<1, 50, 60, 68, 75, 100>

Example 3: Inserted Entries with In-Between Keys
<1, 100, 50, 75, 60, 68>





- internal node
- height
- height balance

Balanced BST: Definition

Q. Is the above tree a balanced BST?
Q. Still a balanced BST after inserting 55?
Q. Still a balanced BST after inserting 63?



Lecture 6 - Sep 22

Self-Balancing Binary Search Trees

Implementing BST in Java
BST Operations: Search & Insert
Tree Rotation, In-Order Traversal



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)

• This Wednesday’s class will have a later start: 4:10 PM



Generic, Binary Tree Nodes

Compare:
+ prev ref.

 + next ref.
in a DLN.



BST Operation: Searching a Key

Search key 65

Search key 68



Tracing: Searching through a BST

(28, “alan”)

(21, “mark”) (35, “tom”)



Visual Summary: In-Order Traversal on BST



Visualizing BST Operation: Insertion

Insert Entry (28, “suyeon”)

Insert Entry (68, “yuna”)



Restoring Balance via Rotations

Q. Is the above tree balanced?
Q. After a right-rotation on node b, is the resulting tree still a BST?



Trinode Restructuring: Single, Left Rotation



Trinode Restructuring after Insertion: Left Rotation
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 95>
- Insert 100 into the BST.



Lecture 7 - Sep 24

Self-Balancing Binary Search Trees

After Insertion: Left Rotation
After Insertion: Right-Left Rotations
BST Deletion: Cases 1 — 3



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)



Trinode Restructuring after Insertion: Left Rotation
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 95>
- Insert 100 into the BST.



Trinode Restructuring: Single, Right Rotation



Trinode Restructuring after Insertion: Right Rotation
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 48>
- Insert 46 into the BST.





Trinode Restructuring: Double, Right-Left Rotations



Trinode Restructuring after Insertion: R-L Rotations
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 82, 95>
- Insert 85 into the BST.



Trinode Restructuring: Double, Left-Right Rotations



Trinode Restructuring after Insertion: L-R Rotations
- Insert the following sequence of keys into an empty BST:

<44, 17, 78, 32, 50, 88, 48, 62>
- Insert 54 into the BST.



BST Operation: Cases of Deletion



Visualizing BST Operation: Deletion
Case 1: Delete Entry with Key 31

Case 2: Delete Entry with Key 80

Case 3: Delete Entry with Key 32



Tutorials - Week 4 - Sep 26

Self-Balancing BST 

Task Preview: Right Rotation in Java
BST Deletion: Case 4
Trinode Restructuring after Deletions



Exercise: BST Construction
public class BSTNode<E> {

private int key;
private E value;

private BSTNode<E> parent;
private BSTNode<E> left;
private BSTNode<E> right;

. . .

public void setLeft(BSTNode<E> left) {
this.left = left;
left.setParent(this);

}

public void setRight(BSTNode<E> right) {
this.right = right;
right.setParent(this);

}

}

BSTNode<String> n44 = new BSTNode<>(44, “Yuna”);
BSTNode<String> extN1 = new BSTNode<>();
BSTNode<String> extN2 = new BSTNode<>();
n44.setLeft(extN1);
n44.setRight(extN2);

Study: constructExampleTree



Exercise: BST In-Order Traversal



Exercise: Trinode Restructuring via a Right Rotation



Exercise: Trinode Restructuring via a Right Rotation



BST Operation: Cases of Deletion



Visualizing BST Operation: Deletion

Case 4.2: Delete Entry with Key 88

Case 4.1: Delete Entry with Key 17



After Deletion: Continuous Trinode Restructuring





Trinode Restructuring after Deletion: Single Rotation

- Insert the following sequence of keys into an empty BST:
<44, 17, 62, 32, 50, 78, 48, 54, 88>

- Delete 32 from the BST.



Trinode Restructuring after Deletion: Multiple Rotations

- Insert the following sequence of keys into an empty BST:
<50, 25, 10, 30, 5, 15, 27, 1, 75, 60, 80, 55>

- Delete 80 from the BST.



Lecture 8 - Sep 29

Graphs

Basic Definitions
Properties: Degrees, Number of Edges
Mathematical Induction on Vertices



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)



Graph: Definition



Edges: Directed vs. Undirected

Examples:
• Control Flow/Data Flow Diagrams
• Social Network of Friendships
• Road Map of GPS
• Collaboration Network (Co-authorship)
• Degree Requirement
• Web Pages (Hyperlinked)
• Protein-Protein Interaction Network





Vertices: Degree

Exercises:
End vertices of m?
Outgoing Edges of A?
Incoming Edges of A?
Edges incident on A?
Degree of A?



Properties: Sum of Degrees for Undirected Graphs



Properties: Sum of Degrees for Undirected Graphs



Properties: Sum of Degrees for Directed Graphs



Properties: Sum of Degrees for Directed Graphs



Properties: Sum of Degrees for Directed Graphs





Properties: Sum of Degrees for Directed Graphs



Lecture 9 - Oct 1

Graphs

Mathematical Induction: Degree Sum
Paths, Cycles, Reachability
(Spanning vs. Connected) Subgraphs



Announcements/Reminders

• First Class (Syllabus) recording & notes posted
• Today’s class: notes template posted
• Exercises: 

+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)



Properties: Sum of Degrees for Undirected Graphs



Graph: Paths and Cycles
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• Path
• Cycle
• Simple Path
• Simple Cycle
• Reachable
• Reachable Paths
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Graph: Subgraphs and Spanning Subgraphs
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Graph: Subgraphs and Spanning Subgraphs

A
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s
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Formulate a condition of a graph G’ = (V’, E’) that is a 
subgraph, but not a spanning subgraph, of G = (V, E).



Graph: Connected Graph
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Is a spanning subgraph also connected subgraph?
Hint: Consider G2 = ({A, B, C, D, E, F}, {m, p, s, t, r})
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Graph: Connected Components

How many connected components 
does the graph have?



Lecture 10 - Oct 6

Graphs

Forest vs. Tree vs. Spanning Tree
Graph Traversal: Depth-First Search (DFS)
DFS on a Tree vs. Pre-Order Traversal



Simple cycle: 

A closed path that starts and ends at the same vertex and 

does not repeat any vertex or edge except for the starting/ending vertex.

Example: A–B–C–A

Non-simple cycle: 

A closed path that starts and ends at the same vertex but 

may repeat vertices or edges along the way.

Example: A–B–C–B–A



Graph: Forests and Trees
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Graph: Forests and Trees
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Graph: Spanning Trees





Graph: Exercises



Graph Traversals: Definition & Applications
Efficient Traversal of Graph G:

A

B D E

C

Applications:
• Reachable Vertices from v ∈ V

• A path between {u, v} ⊆ V

• The minimum path between {u, v} ⊆ V

• Is G connected?

• Compute a spanning tree of a connected G.

• Compute the connected components of G.

• If G is cyclic, return a cycle. 

A

B D E

C



Graph Traversal: Depth-First Search (DFS) A

B C D

E F

G H

Q. When a graph is a tree, 
   what kind of tree traversal does it correspond to?

Q. What data structure should be used to 
 keep track of the visited nodes?



Depth-First Search (DFS): Marking Vertices & Edges

A

B D E

C

A

B D E

C

A

B D E

C

Before DFS starts A Discovery Edge A Back Edge



Lecture 11 - Oct 8

Graphs

Proof: Spanning Tree and |V| vs. |E|
Tracing DFS using a Stack
Graphs in Java: Edge List





Properties: Structure vs. |V| and |E|

Spanning Tree Forest Connected Cyclic



Properties: Structure vs. |V| and |E|



Depth-First Search (DFS): Example 1 (a)

A

B D E

C

Assumptions:
• Adjacent vertices visited in alphabetic order



Depth-First Search (DFS): Example 1 (b)

A

B D E

C

Assumptions:
• Adjacent vertices visited in alphabetic order
• Exception: Edge AC visited first



Depth-First Search (DFS): Example 1 (c)

A

B D E

C

Assumptions:
• Adjacent vertices visited in alphabetic order
• Exception: Edge AD visited first



Depth-First Search (DFS): Example 1 (d)

A

B D E

C

Assumptions:
• Adjacent vertices visited in alphabetic order
• Exception: Edge AE visited first



Depth-First Search (DFS): Example 2

Assumptions:
• Adjacent vertices visited in alphabetic order



Graph Traversals: Definition & Applications
Efficient Traversal of Graph G:

A

B D E

C

Applications:
• Reachable Vertices from v ∈ V

• A path between {u, v} ⊆ V

• The minimum path between {u, v} ⊆ V

• Is G connected?

• Compute a spanning tree of a connected G.

• Compute the connected components of G.

• If G is cyclic, return a cycle. 

A

B D E

C



Efficient Traversal of Graph G:

F

H G J

I

Graph Questions:
• Fina a path between {u, v} ⊆ V

• Is v reachable from v

• Find all connected components of G.

• Compute a spanning tree of a connected G.

• Is G connected?

• If G is cyclic, return a cycle. 

Graph Traversals: Adapting DFS

A

B D E

C



Graphs in Java: Doubly-Linked Nodes and Lists

Node<E>
element
next

prev

Assumption: node exists in some DLL.

Node<E>
element
next

prev

Node<E>
element
next

prev

node



Graphs in Java: Edge List Strategy (1)



Graphs in Java: Edge List Strategy (2)

D

A

B C

r

o p

q



Lecture 12 - Oct 20

Graphs

Adapting DFS for Graph Questions
BFS: Marking Vertices and Edges
BFS: First Example on a Tree



Announcements/Reminders
• Today’s class: notes template posted
• Assignment 1 due on Wednesday, October 22
• Test 1 next Monday, October 27:
+ Guide released
+ Review Session (slides, notes): Wednesday
+ Review Session (A1, more Q&A): Friday

• Tutorial Exercises so far: 
+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)



Test 1 (WSC, 4:30 PM to 5:20 PM)
Coverage
 + Lecture materials (slides, notes, example code) 
  up to and including Monday, October 20
 + Tutorials 1 to 4
 + Assignment 1 
Format
 + Programming Part (Eclipse):
  * Import a Java starter project (like A1)
  * Implement Java classes/methods to pass test cases
 + Written Part (eClass):
  * Primarily MCQs
  * Written questions (e.g., short answers, justifications, proofs)



F

H G J

I

A

B D E

C







Efficient Traversal of Graph G:

F

H G J

I

Graph Questions:
• Fina a path between {u, v} ⊆ V

• Is v reachable from v

• Find all connected components of G.

• Compute a spanning tree of a connected G.

• Is G connected?

• If G is cyclic, return a cycle. 

Graph Traversals: Adapting DFS

A

B D E

C



Graph Traversal: Breadth-First Search (BFS) A

B C D

E F

G H

Q. What data structure should be used to 
 keep track of the visited nodes?



Breadth-First Search (BFS): Marking Vertices & Edges

A

B C D

E

Before BFS starts A Discovery Edge A Cross Edge

F

A

B C D

E F

A

B C D

E F





Lecture 13 - Oct 22

Graphs

Test 1 Review



Announcements/Reminders
• Today’s class: notes template posted
• Assignment 1 due on Wednesday, October 22
• Test 1 next Monday, October 27:
+ Guide released
+ Review Session (slides, notes): Wednesday
+ Review Session (A1, more Q&A): Friday

• Tutorial Exercises so far: 
+Tutorial Week 1 (2D arrays)
+ Tutorial Week 2 (2D arrays, Proving Big-O)
+ Tutorial Week 3 (avg case analysis on doubling strategy)
+ Tutorial Week 4 (Trinode restructuring after deletions)





Properties: Structure vs. |V| and |E|







Trinode Restructuring after Deletion: Multiple Rotations

- Insert the following sequence of keys into an empty BST:
<50, 25, 10, 30, 5, 15, 27, 1, 75, 60, 80, 55>

- Delete 80 from the BST.





Tutorials - Week 7 - Oct 24

Test 1 Review

Assignment 1 Solution Walkthrough













Lecture 14 - Nov 3

Graphs

Tracing BFS using a FIFO Queue
Back Edge (DFS) vs. Cross Edge (BFS)
Implementing Graphs: Adjacency Lists



Announcements/Reminders
• Today’s class: notes template posted
• Test 1 results to be released on Tuesday (Nov 4)
• Change of Dates: 

+Assignment 2 to be released on Wed, Nov 12
+Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Breadth-First Search (BFS): Example 1 (a)

Assumptions:
• Adjacent vertices visited in alphabetic order

A

B C D

E F



Breadth-First Search (BFS): Example 1 (b)

Assumptions:
• Adjacent vertices visited in alphabetic order
• Exception: Edge AC visited first

A

B C D

E F



Breadth-First Search (BFS): Example 1 (c)

Assumptions:
• Adjacent vertices visited in alphabetic order
• Exception: Edge AD visited first

A

B C D

E F



Breadth-First Search (BFS): Example 2



Efficient Traversal of Graph G:
Graph Questions:
• Fina a path between {u, v} ⊆ V

• Is v reachable from v

• Find all connected components of G.

• Compute a spanning tree of a connected G.

• Is G connected?

• If G is cyclic, return a cycle. 

Graph Traversals: Adapting BFS

A

B C D

E F

G

H I J

K L







Back Edge (DFS) vs. Cross Edge (BFS): Cyclic?

A

B C D

E F

Does a back edge always imply the existence of a cycle?
Does a cross edge always imply the existence of a cycle?

A

B C D

E F

A

B C D

E F

A

B C D

E F



Graphs in Java: Adjacency List Strategy (1)



Lecture 15 - Nov 5

Graphs

Visualizing Adjacency Lists Strategy
Shortest Paths in Weighted Graphs
Dijkstra’s Algorithm: Intro, Example 1



Announcements/Reminders
• Today’s class: notes template posted
• Test 1 results released on Tuesday (Nov 4)
• Change of Dates: 

+Assignment 2 to be released on Wed, Nov 12
+Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Back Edge (DFS) vs. Cross Edge (BFS): Cyclic?

A

B C D

E F

Does a back edge always imply the existence of a cycle?
Does a cross edge always imply the existence of a cycle?

A

B C D

E F

A

B C D

E F

A

B C D

E F

DFS

BFS



Graphs in Java: Adjacency List Strategy (1)



Graphs in Java: Adjacency List Strategy (2)

A

B C

o p



Shortest Paths in Weighted Graphs



Dijkstra’s Shortest Path Algorithm



Dijkstra’s Shortest Path Algorithm: Example 1



Tutorials - Week 9 - Nov 7

Graphs

Breadth-First Search (BFS)



Breadth-First Search (BFS): Example 2



Lecture 16 - Nov 10

Graphs

Dijkstra’s Algorithm: Tracing
Dijkstra’s Algorithm: Pre- and Post-cond.



Announcements/Reminders
• Today’s class: notes template posted
• Test 1 results released on Tuesday (Nov 4)
• Change of Dates: 

+Assignment 2 to be released on Wed, Nov 12
+Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Dijkstra’s Shortest Path Algorithm: Example 2





Correctness of Loops: Syntax





Lecture 17 - Nov 12

Graphs

Loop Invariant (LI): Execution Flow
Relating Exit Condition, LI, Postcondition
Dijkstra’s Algorithm: LI, Assumption



Announcements/Reminders
• Today’s class: notes template posted
• Assignment 2 released
• Change of Dates: 

+Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24



Correctness of Loops: Syntax





Correctness of Loops: Example





Contracts of Loops: Visualization



Correctness of Loops: Dijkstra’s Shortest-Path Algorithm



Dijkstra’s Shortest Path Algorithm: Negative Weights

A

B

C
4

-3

2



Tutorials - Week 10 - Nov 14

Graphs

Precondition and Postcondition
Deriving and Tracing Loop Invariant
Correctness of Loops



Iterative Algorithm: Precondition and Postcondition
a

0 1 2 3



a
0 1 2 3







Iterative Algorithm: Loop Invariant (1)
a

0 1 2 3



Iterative Algorithm: Loop Invariant (2)
a

0 1 2 3



Iterative Algorithm: Correctness



Lecture 18 - Nov 17

Graphs

Priority Queues ADT: Introduction
Heap: Structural Property
Heap: Relational Property



Announcements/Reminders
• Today’s class: notes template posted
• Assignment 2 released
• Change of Dates: 

+Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24

• Online Course Evaluation



Test 2 (WSC 106, 4:30 PM to 5:20 PM, Monday Nov 24)
Coverage
 + Graphs lecture (slides 33 — 72, notes, example code) 
 + Tutorials Weeks 9 and 10
 + Assignment 2 
Format
 + Programming Part (Eclipse):
  * Import a Java starter project (like A2)
  * Implement Java classes/methods to pass test cases
  * e.g., Implement graph op from scratch.
  * e.g., Implement graph op based on given DFS (A1) or BFS (A2).
 + Written Part (eClass):
  * MCQs
  * Written questions (e.g., short answers, justifications, proofs)



What is a Priority Queue (PQ)





BT Terminology: Complete vs. Full BTs

h - 2

h = 3 h = 3

h - 1
h h

Min # nodes?
Max # nodes?

Min # nodes?
Max # nodes?





Heaps: Structural Properties of Nodes

Property: The tree is a complete Binary Tree



Heaps: Relational Properties of Keys

Property: Each non-root node n is s.t. key(n) ≥ key(parent(n))



Example Heaps

4

Example 1

4

Example 2

6

4

Example 5

6 8

4

Example 6

8 6

6

Example 3

4

4

Example 4

6



Lecture 19 - Nov 19

Graphs

Heap Operations: Insertion vs. Deletion
Dijkstra’s Algorithm: Time Complexity
Implementing Graphs: Adjacency Matrix



Announcements/Reminders
• Today’s class: notes template posted
• Assignment 2 released
• Change of Dates: 

+Assignment 2 to be due on Wed, Nov 19
+ Test 2 to be take place on Mon, Nov 24

• Online Course Evaluation



Heap Operations: Insertion

Insert a new entry (2, T)



Heap Operations: Deletion

Delete the root/minimum



Dijkstra’s Shortest Path Algorithm: Time Complexity



Graphs in Java: Adjacency Matrix Strategy (1)



Graphs in Java: Adjacency Matrix Strategy (2)

A

B C

o p

0 11

2



Tutorials - Week 11 - Nov 21

Graphs

Assignment 2 Solution
Graph Implementation Strategies



Graphs in Java: Strategies



Graphs in Java: Time Complexities (1)
numVertices(), numEdges()



Graphs in Java: Time Complexities (2)
vertices(), edges()



Graphs in Java: Time Complexities (3)
getEdge(u, v)



Graphs in Java: Time Complexities (4)
outDegree(u), inDegree(u)
inEdges(v), outEdges(v)



Graphs in Java: Time Complexities (5)
insertVertex(x)



Graphs in Java: Time Complexities (6)
removeVertex(v)



Graphs in Java: Time Complexities (7)
insertEdge(u, v, x),
removeEdge(e)



Lecture 20 - Nov 26

Graphs

Directed Acyclic Graphs (DAGs)
Topological Ordering
Topo. Sort: Time Complexity, Tracing
Topo. Sort: Sequentializing Updates



Announcements/Reminders
• Today’s class: notes template posted
• One in-person make-up lecture 
• One or two exam review sessions



Directed Acyclic Graphs (DAGs)





Topological Sort on a DAG: Time Complexity



Topological Sort on a DAG: Example (1) 



Topological Sort on a DAG: Example (2) 



Topological Sort on a DAG: Example (3) 

  c’ = b’ - a’ + d
∧  b’ = a’ * d’
∧  d’ = a + c + 5
∧  a’ = a + d’

Task: Sequentialize the specified transactional updates.



Lecture 21 - Dec 1

Graphs

Minimum Spanning Tree (MST) Problem
Greedy Method
Kruskal’s Greey Algorithm



Announcements/Reminders
• Today’s class: notes template posted
• Survey on in-person make-up lecture & exam review active!



Topological Sort on a DAG: BFS?

Consider: g = ({S, A, B}, {(S, A), (S, B), (B, A)})



Minimum Spanning Tree (MST) Problem
Input Output



MST Problem: Greedy Method





Greedy Method Example: Dijkstra’s Algorithm



MST Problem: Kruskal’s Algorithm



MST Problem: Example
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Lecture 22 - Dec 10

Graphs

Partition, Cluster, Cut
Kruskal’s Algorithm: Cut Property
Kruskal’s Algorithm: Time Complexity



MST Problem: Partition, Cluster, Cut



MST Problem: Cut Property



MST Problem: Cut Property in Kruskal’s Algorithm




